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Annotation
The natural laws often are expressed as differential equations, and the calculation
of these processes is reduced to solving differential equations. Linear differential
equations of the second order with constant coefficients are one of the important
objects of investigation of the theory of ordinary differential equations. The paper
proposes ways of constructing solutions of second-order linear differential
equations with constant coefficients that differ from the classical construction
method.

The difference is that they do not use the concept of a complex number in
the traditional presentation in the case of a negative discriminant of the
characteristic equations of the corresponding linear differential equation with
constant coefficients. In the case of a homogeneous differential equation, the
essence of the proposed method lies in the construction of linearly independent
particular solutions of a linear second order equation by the application of the
Bernoulli method to solve a linear first order equation.
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then the method of undetermined

For a nonhomogeneous linear
differential equation of the second
order, for which the right-hand side
has a special form, methods are used
to select the form for recording a
particular solution by the form of the
right-hand side of the equation, and

coefficients is applied [1-2].

In papers [3-4] the method of
exposition of the topic was presented,
which did not attract the concept of a
complex number. The proposed work
IS a continuation of the method for
constructing a solution of a
nonhomogeneous linear differential
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equation with constant coefficients in the case of real roots.

Linearly independent solutions of second order homogeneous equation
with constant coefficients

A linear nonhomogeneous second order differential equation can be
written as

yé+ pyt+qy = f(x), 1)

where p and Q are constant coefficients.

The general solution of the linear nonhomogeneous equation with constant
coefficients is represented as

P, (X) =8 (2)

where ¥ is the general solution of the corresponding homogeneous equation;

Yy - aparticular solution of the nonhomogeneous equation (1).

To find the general solution of equation (1), we can write the general
solution of equation

y¢+ pyt+qy=0. (3)
We solve the related characteristic equation
k®+pk+q=0 (4)

and find the roots of the equation
2

k., :—gi\/ﬁ, where D=p7-0l.

Then the general solution of this second order differential equation with

constant coefficients is found as follows:
2

A) If D:pT—q>O, k,1k,, then y,=e"*, y,=¢e“* are particular
linearly independent solutions, and the general solution is

y=Ce¥ +C, e,

2
pT—q =0, k, =k, =—g, then y, =e**, vy, = xe“* are particular
linearly independent solutions, and the general solution is

B) If D=

y=(C, +C, X)eklx-



2 2 2
C)IfD:%—q<O, km:-gi P q:—gii q--r

L - zatib,
4 4

2
then a = -g, b = \/q _pT y, =e**cosb x, y, =e*sin b x are particular linearly
independent solutions, and the general solution has the form

y =e**(C,cosb x+C,sinb x).

In particular, A) If p*0,9=0,then from equation (3) we obtain
yb+pyt=0,its characteristic equation has the form k’+pk=0, then

y, =1, y, =e™™ are particular linearly independent solutions, and the general
solution has the form
y=C +C,e™,

2

B) If p=0,9=w” >0,, then from equation (3) we obtain yﬁ¢+w2y =0, its

characteristic equation looks like k’*+w’k=0, then vy, =coswx, Yy, =sinw xare

particular linearly independent solutions, and the general solution has the
form y =C,cosw x+C,sinw X .

C)If p=0,gq= ~w? <0, then from equation (3) we obtain y%—wzy =0, Its

characteristic equation is k*-w’k=0, then y, =e™, y, =e" particular linearly
independent solutions, and the general solution is

y=Ce™ +C,e"",

Below we consider method of constructing a particular solution of a
nonhomogeneous equation.

Particular solution of nonhomogeneous equation y&+ pyt+qy = Pn (x).
A nonhomogeneous differential equation of the form

yé+ pyt+qy="P,(x), (5)

where
P.(X) =aX" +ax" +a, X" +..+a,,X +a,,X+a, (6)

is polynomial of n-th order with given coefficients.
We look for a particular solution Y of kind

T =X"0, () (7)



where m is an unknown number, and

0,(9) = AX"+ AX™+ AXE 4+

+ 4 3 2 (8)
AX TAX TALX A XA,

is n-th order polynomial with unknown coefficients.
The derivatives of Y are

yt=mx "xu_(x) +x "™ut(X)
ye=m(m-1)x "*xu_(x)+2xmx "ug (x) +x "xug(x).

Substituting in equation (5) we get

m(m-1)x "Au, (x) +mx "[2ug (x) + pru, (x)]+
+x Mg (x) + prut (0 + v, (9] = P, (4. (®)

We consider various cases:

A)If g*0,,ie k20k,20, in this case, that equation (8) is true, m=0, we
have

ut(x) + pxut (x) +qxu, (x) = P,(x). 9)

Then we find ut(x),ut(x) and substituting in the equation (9), we obtain

A AX" +(r A + prA)X ™ +[gr A, + pr(n-1)r A +n(n-1)x A X" +
+lgx A+ pr(n-2)A +(n-1n-2 A+

+(0x A, +3px A, +4x3xA )X +(ax A, +2pxA , +312xA X+
(qXAq + pXAh-l +2x1x Aj_z):aox” "'aixn_l +a2x”‘2 +...+an_2x2 +ta, X+a,.

Equating the coefficients for the same powers of the variable x, we get
the following system

X" Th =
o qrA +prnxA =a
oS qua, +px(n-1)A +n(n-1h =3,
X" quA+pi(n-2kA +(n-1)n-2):A =3,
X2 QA +3pMA S +HASIA =,
X QA +2pr A, +32tA s =a
X

QA+ prA, +2iA,, =4,



Solving the system, we find the values of the coefficients. A, A, A,,.... A A..

This method is called the method of uncertain coefficients.
So, with g 2 0 a particular solution of equation (5) will be

T = AX+HAXTEAXZ 4 A A XHA,, (10)

B) If =0, i.e. k=0 or k,=0, then in this case, that equation (8) is
satisfied, then from equation (8) m=1, we obtain

xxug(x) + (2 + xp) xu (x) + pru, (x) = P,(x). (11)

Furthermore, using the above method of undetermined coefficients, we find

Ao A Ay Ay A

Consequently with g =0 a particular solution of equation (5) will be

Y=AXTHAXHAXT L A A X +AX. (12)

Sometimes the values of the uundermined coefficients A), A, A,,...,A,_;, A, are
found Y, by substituting into equation (5) and not using equation (11).

Table below summarizes a general scheme for the formulation of the
particular solution of the nonhomogeneous equation (9), i.e., for the equation

yb+ pyt+qgy=ax" +ax" +ax"? +..+a _,x" +a _Xx+a

q*0
q=0

= AX"+AXTHAXTE ALK A XA
=AXHAX"FAXT LA X HA X +HAX

The procedure is best illustrated with an example.

Example. Find the general solution of the equation y¢-2yt=12x -8.
Solution: The characteristic equation is k*-2k =0, giving k, =0, k, =2. Looking at
the condition of the problem q=0, the general solution of the homogeneous
equation is y=C, +C, e**. The particular solution ¥ will be found as

y = X(Ax? + Bx + D) = Ax® + Bx” + Dx.
Substituting the derivatives y¢=3Ax?+2Bx+D, J4#=6Ax+2B in the

equation we get
6AX - 2B -6AXx* - 4Bx - 2D =12x° - 8.



Using the method of undetermined coefficients yields

NG -6A=12 A=-2
X: 6A-4B=0 B=-3 y=-2x>-3x*+x
x°: -2B-2D=-8 D=1

The general solution of a complete nonhomogeneous differential equation is
equal to the sum of its complementary function and any particular solution

y=y+y=C, +C,e** -2x*>-3Bx* +x.

In particular, if P(x)=a, then the particular solution y for the equation
yé+ pyt+qy=a, will be

%:

o |

L if q10, y=%, if q=0.

Particular solution of non-homogeneous equation y&+ pyt+qy = a, xe*

Special case of nonhomogeneous differential equation can be written in the
form

ye+ pyt+qy = a,xe*, (14)

where a,,a-given numbers.
The particular solution Y is of the form

y = Axx™xe™, (15)

rae m, A - unknown constants.
With the derivatives Y

yt = A(mx™" +ax™ Jre™
yt = Alm(m - 1)x"2 + 2amx™ + a?x" Jre™

we obtain
Alm(m - 1)x™% + m(2a + p)x™* + (a2 + pa + qx"|= a, . (16)

We consider various cases:
A) If a is not the root of the characteristic equation (4), i.e.

k 1a k,a,a*+pa+q10, then in this case, equation for m=0,is fulfilled and from
equation (14) we get



a
2 = A=—20
A(a +pa+q) a, or ATt patq

The particular solution of the equation (14) is therefore

8y

y:2—
a’+ pa+q

g™ (17)

B) Ifa is the simple root of the characteristic equation (4), i.e.
k,=a, k,*a, a’+pa+q=0,2a+p0, then in this case, equation (14) m=1, is

a
fulfilled and from equation (14), we obtain A(2a+ p)=a, or A= 2ai >
In this case, the particular solution of equation (14) will be
~ a, ax
= Xxe
y 2a+p : (18)

C) If a is a simple root of the characteristic equation (4), Ii.e.
k,=a, k,=a, a*+pa+q=0,2a+ p=0, then in this case, equation (14) m=2, is
fulfilled and from equation (14) we get

2A=a, or A=—
Then the particular solution of equation (14) will be
0 Xzeax . (19)

Table below summarizes a general scheme for the formulation of the
particular solution of the nonhomogeneous equation (14), i.e., for the equation

yi+ pyt+qy = a, xe™

- a, ax

k,Ta, k,*a y=— e
a“+pa+q

k,=a, k, e B

,=a, k,ta y 2a+p

k, =k,=a V:%xzeax

The procedure is best illustrated with the following examples.
1. Find the general solution of the equation y&+7yt-8y =4e>.



Solution: The characteristic equation has the form k*+7k-8=0, its solution
k; =1, k, =-8. According to the condition of the problem a,=4,a=2k, *ak, *a,, that
IS, a is not the root of the characteristic equation (4). Then the general solution of
the homogeneous equation yt+7yt-8y=0 is y=Ce* +C,e™,and a particular
solution is
aO

——% ™ =0,4e”,
a’+ pa+q

y =

The general solution to the nonhomogeneous differential equation is therefore
y=y+y=Ce* +C,e™ +0,4e”.

2. Find the general solution of the equation yt-3yt-4y=4e™.

Solution: The characteristic equation has the form k*-3k-4=0, its solution
k, =-1 k, =4, by the condition of the problem a,=4,a=-1k =ak, *a, thatis, aisa
simple root of the characteristic equation (4). Then the general solution of the
homogeneous equation y¢-3yt-4y =0 is y=Ce™ +C,e", and the particular solution
is

- a _
y=—2—xe® =-0,8xe””",

The general solution to the nonhomogeneous differential equation is therefore
y=y+y=Ce™ +C,e** -08xe™* =(C,-0,8x)e™ +C,e"".

3. Find the general solution of the equation y&-4yt+4y=6e,

Solution: The characteristic equation has the form k*-4k+4=0, its solution
k, =k, =2, by the condition of the problem a,=6,a=2k =k,=a, that is, a is a
multiple root of the characteristic equation (4). Then the general solution of the

homogeneous equation YE-4yt+4y=0 is y=(Cx+C,)e*, and the particular
solution is

~ a
y - ?OXZeax - 3X262X_

The general solution to the nonhomogeneous differential equation is
therefore

y=§+7§=(Cx+C,)e> +3x%> = (3x% + C,x + C, p*".

Particular solution of nonhomogeneous equation Y&+ pyt+qy =P, (x)*e*,
Special case of the linear nonhomogeneous equation of the form



y&+ pyt+qy = P, (x)xe™, (20)

where P,(x)=aXx"+ax"" +ax"? +..+a, ,x*+a _,X+a,is a nth order polynomial
with given coefficients, a is constant given number.

We look for a particular solution Y in the form ¥ = x™xu, (x)xe®, where
U,(X) = AX"+AX"T+AX?+.+A X +A _ X+A is a nth order polynomial with
undetermined coefficients, m is an constant number.

With the derivatives Y

yt=mx" iy, (x)re™ + x"ug () +au, (x)e™,
vt = m(m _1))(”“2 xu (x)re™ + 2mxm‘1[ug(x) +axu,(x) ><]e""X +
X" X[u§$(x)+2axu$g(x)+a2xun(x)X]eaX

we obtain
m(m - 1)x™2xu, (x) + mx™*[2ug (x) + (2a + p)u, (X)]+
x"xuge) + 2a+ plug(x) + (a2 + pa+afu,01]=P,00 @D

We consider various cases:
A) If a is not the root of the characteristic equation (4), i.e.

k La k,Taa +pa+q10, then in this case m=0,, that equation (21) is fulfilled and
from equation (21) we get

ug(x) +(2a+ p)rug () + (@* + pa+q)xu, (x) = P,(x). (22)

Therefore, a particular solution of equation (21) will be

~

Y=, e = (A + AXT AT A HA KT AR (23)

B) If a is the simple root of the characteristic equation (4), i.e.
k,=a, k,1a,a*+pa+q=0,2a+p10, then in this case m=1 equation (21) is
fulfilled and from equation (21) we get

2uf () + (2a+ p)ru, () + x[us (0 + (2a+ p)rug (0] = P, (%) (24)
Therefore, a particular solution of equation (21) will be

V= XXU, e =
’ (25)

Xn+1 +A[Xn +A2Xn—1 +---+A1-2X3 +A1—1XZ +A]X)gax.



C) If a is a simple root of the characteristic equation (4), i.e.
k,=a, k,=a,a*+pa+q=0,2a+p=0, then in this case, equation (21) m=2, is
fulfilled and from equation (21) we get

U, (X) + 4XXU§ () + X 1UB(X) = P (X) (26)

Therefore, a particular solution of equation (14) will have the form

2 ax

y:)( xunxe =

: 27
Xn+2 +A&Xn+l+A2Xn +. .+ A1_2X4 +A1_1X3 +A]X2kax ( )
Furthermore, using the above method of undetermined coefficients, we can
find the values of the undermined coefficients A, A, A,...., A, A,.
Table below summarizes a general scheme for the formulation of the
particular solution of the nonhomogeneous equation (20), i.e., for the equation

yt+ pyt+ay = P,(x)e™, where P,(x) =aX" +ax™ +a,x"* +..+a X" +a,,Xx+a,

k, 1 a, y =u,rxe™ =

Lia |- (A)x” FAXTHAXT AL A X Ah)eax
k, =a, y = xxu, xe™ =

k,1a — (Abxnﬂ +AX"FAXTH L HA XA X Ahx)eax
ki=k, = | §=x%xu_ xe™=

-a = (AX"2+ AX+AX + A A X +A1_1X3+A1X2)eax
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Tyiiin

Kangait ma Oip mpouiecke OarblHATHIH TaOWFAT 3aHbBl KOIl Karjailiapna
nudepeHnanIbIK TEHALYIep TYPiHAe Oepiiel, all OChl MPOLIECTEPIIH KO3FaIbIC
arbIMJIAPBIHBIH  MICIIMIH JUu(depeHINaNIbIK TEeHACYICPAiH IIEHIiMI  apKbUIbI
TaObUIabl. EKIHII peTTi TYpakThl KOAOUIIMEHTT] ChI3BIKTHI Au(depeHITUaTIbIK
TeHJIeynep KapanaiibiM nuddepeHIHanIbK TeHICYIeP TEOPHUSCHIHBIH 3ePTTEHTIH
€H MaHBbI3/Ibl HBICAHJAPBIHBIH Oipi OoibIm TaObUTaABl. JKyMBICTA €KIHIIN PEeTTI
TYpPakThl KO3GuIueHTTi auddepeHIUanIbK TEHACYICPAIH XKOHE OJapablH
KYUENepIHIH MenTMIEpiH JICTYPIIK 9/IICTEMENICH €PEKIIeICHETIH KOIMEH KYpPY
ycoiHbUIanbl. Omap  auddepeHnuanaplk  TEHIASYIep HeEMece  TEHIeysep
KYHECIH/IeT1 CUIaTTaMaJIbIK TeHJICYAIH JUCKPUMUAHTHI TEpic OOJFaH JKaFJaibIH/1a
KOJJAHBIJIATBIH ~ JIOCTYPJIIK — €CeNTeNyJIepAeri KOMIUIEKC CaH  VFBIMBIHBIH
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KOJIJTaHOAybIMEH epeKIIemiHeAl. YCBhIHBUIFAH OJICTIH MarblHAChl OOMBIHIIA,
OIpTEKTI TeHJEyNep KardalblHAA, eKIHIIl PEeTTI CBHI3BIKTBIK TEHACYJICPIIH
CBI3BIKTHIK TOyeJCi3 jepOec mennMaepiH Kypyaa OIpiHIII PETTi CHI3BIKTHIK
TEeHJEYJepAl Ienryae Ke3zeceTiH bepHymin omiciHiH KOMETIMEH EHTi31IyiHIE,
COHJIaif-aK aJIbIHFaH aJIrOPUTM OIPTEKTI TEHAEYJEp KYHECIHIH MIEHIMiH Kypy/ia /a
KOJIJIaHBIJIa/Ibl.

Kinmmik  ce3dep.  nuddepeHUanaplK  TEHALY,0lp  TEKTI  eMec
nuddepeHInaNIbIK TeHACY, CUMaTTaMalbIK TeHACYJep, AepOec IIelnmi, Kajlbl
mienriM, 6enrici3 KodppuuueTTep 9JiCi, CHI3BIKTBI TEHJIEY, CBI3BIKTBI TOYeEJICI3
HIemmaep.
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Pesiome

3aKOHBI TPHUPOABI, YIPABJIAIONIAEC TEMH WM WHBIMHU IPOIECCaMH, YacTo
BBIpKAIOTCS B BUAC Mu(DPepeHINaTbHBIX YpaBHEHUM, a pacdyeT TEYEHHUsS ITHUX
MPOIIECCOB CBOJUTCA K pemieHuto auddepeHuaibHbiXx ypaBHeHU. JInHeiHbIe
muddepeHnnanbuble  ypaBHEHHS ~ BTOPOrO  TOpsAJKa C  MOCTOSTHHBIMU
Kod(duIeHTaMu SBISIOTCS OJHUM M3 BAKHBIX OOBEKTOB MCCIEIOBAHUS TEOPUU
OOBIKHOBEHHBIX NU(epeHIINaNbHBIX YpaBHEHU. B pabore mpenaraiorcs mytu
MOCTPOCHUSI PEIICHUN JHMHEHHBIX Iu(PepeHIINaNbHBIX YpPaBHEHUNH BTOPOTO
MOpsIJIKa C TOCTOSHHBIMU KOA(h(UIIMEHTaMH, OTIMYAIONINECS OT KJIACCHUYECKOU
METOJHMKH MOCTpOoeHHs. OTIMYHE COCTOUT B TOM, YTO B HUX HE HCIOJIB3YETCS
MOHATHE KOMIUIEKCHOTO YHCJa, MPUMEHSIEMOTO B TPAIUIIMOHHOM H3JIOKCHHH B
cydae OTPHUIATEIBHOTO JIHUCKPUMHHAHTA XapaKTePUCTUYCCKUX YpaBHEHUU
COOTBETCTBYIOIIETO JUHEHHOTO AU dEepeHITNaTLHOTO YPAaBHCHUS ¢ TTOCTOSHHBIMU
koadpummenTamu. B ciaydae omHOpoaHOTO MU GEPEHITMAIBHOTO YPABHEHUS CYTh
IIpeaIaracMoro MeTo/1a 3aKIF0YaeTCsl B MCTIIOJb30BaHUH TIPH TIOCTPOCHUH JIMHEHHO
HE3aBUCUMBIX YACTHBIX PEIICHHI JIMHEMHOTO YpaBHEHUS BTOPOTO MOPSAJIKA METO/IA
bepHyu, npuMeHsIeMOoTo AJI PEIICHUs JIMHEMHOTO YpaBHEHUS MEPBOTO MOPSIKa.

Kniwouesvie cnosa. nuddepeHnnaipbHoe  ypaBHEHHE, HEOJIHOPOIHOE
muddepeHnranbHoe  ypaBHEHUE, XapaKTEPUCTHUYECKOE ypaBHEHHE, YacTHOE
perieHue, obiee penieHue, MeTo1 HEoNnpeaeIeHHBIX KO3(DPUIIMEHTOB, TUHEHHOE
ypaBHEHUE, IMHEWHO HE3aBUCUMBIC PEIICHUSI.
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